We introduce a frame-covariant formalism for inflation of scalar-curvature theories by adopting a differential geometric approach which treats the scalar fields as coordinates living on a field-space manifold. This ensures that our description of inflation is both conformally and reparameterization covariant. Our formulation gives rise to extensions of the usual Hubble and potential slow-roll parameters to generalized fully frame-covariant forms, which allow us to provide manifestly frameinvariant predictions for cosmological observables, such as the tensor-to-scalar ratio r, the spectral indices n R and n T , their runnings α R and α T , the non-Gaussianity parameter f N L , and the isocurvature fraction β iso . We examine the role of the field space curvature in the generation and transfer of isocurvature modes, and we investigate the effect of boundary conditions for the scalar fields at the end of inflation on the observable inflationary quantities. We explore the stability of the trajectories with respect to the boundary conditions by using a suitable sensitivity parameter. To illustrate our approach, we first analyze a simple minimal two-field scenario before studying a more realistic nonminimal model inspired by Higgs inflation. We find that isocurvature effects are greatly enhanced in the latter scenario and must be taken into account for certain values in the parameter space such that the model is properly normalized to the observed scalar power spectrum P R . Finally, we outline how our frame-covariant approach may be extended beyond the tree-level approximation through the Vilkovisky-De Witt formalism, which we generalize to take into account conformal transformations, thereby leading to a fully frame-invariant effective action at the one-loop level.
Introduction
The framework of inflation, originally conceived as a way to resolve the flatness and horizon problems, has been extremely successful in explaining the origin of cosmological perturbations [1] [2] [3] . Numerous inflationary models with various theoretical motivations from particle physics, including supergravity and axion inflation, have been proposed so far [4] [5] [6] . The simplest and most thoroughly studied paradigm involves a single scalar field that drives the early exponential expansion of the Universe. One of the most straightforward extensions of such theories is multifield inflation, a class of models featuring more than one scalar field contributing to the inflationary expansion of the Universe [7, 8] . While the current cosmological data are well described by single-field inflation [9, 10] , models of multifield inflation are of great theoretical interest, as they provide new predictions that could be tested by future observations [11, 12] .
When dealing with nonminimal models, one has to necessarily contend with the socalled frame problem. This problem pertains to the question of whether inflationary models related by a frame transformation, namely a local rescaling of the metric followed by a field reparameterization, are physically equivalent [13, 14] . While the consensus is that no physical difference exists between the frames at the classical level if care is taken to appropriately transform all quantities [15] [16] [17] [18] [19] , the situation beyond the tree level is far from clear [20] [21] [22] . There is no widely accepted procedure which ensures that radiative corrections to inflationary models are themselves frame-independent, and as such, there has been much discussion as to whether a particular frame is the "physical" one, or whether choosing a frame is a mere mathematical convenience.
In this article, we extend the covariant formalism for multifield inflation developed in [23, 24] and extended in [25] beyond the linear level to the more general framework of nonmininal multifield scalar-curvature theories. We pay particular attention to conformal transformations and promoting reparameterization covariance to full frame covariance. The cosmological observables of interest to us are: the tensor-to-scalar ratio r, the spectral indices n R and n T , their runnings α R and α T , the non-Gaussianity parameter f N L , and the isocurvature fraction β iso . Our formalism addresses the frame problem at the classical level in a way that allows for its direct extension beyond the tree level, where quantum loop effects are taken into account. In particular, to go beyond the Born approximation, we employ the Vilkovisky-De Witt formalism [26] [27] [28] with a conformal extension in order to derive a fully frame-invariant effective action at the one-loop level. We argue that the so-derived Vilkovisky-De Witt effective action can be used to compute frame-invariant radiative corrections to cosmological observables, giving rise to the same predictions for both the Jordan and Einstein frames.
The outline of this paper is as follows: in Section 2, we present the classical action for the class of theories that we will be studying, specified by three model functions: (i) the nonminimal coupling f (ϕ), (ii) the multifield wavefunction k AB (ϕ), and (iii) the scalar potential V (ϕ), where ϕ collectively stands for all the scalar fields. By considering their properties under conformal transformations and field reparametrizations, we show that the functional form of the classical action remains invariant under frame transformations. In this way, we introduce the concept of frame covariance in inflation by defining frame-covariant extensions to well-known cosmological quantities such as the Hubble parameter and the comoving density and pressure, enabling us to write the inflationary equations of motion in a manifestly frame-covariant manner.
In Section 3, we define the concept of a field space, treating the scalar fields ϕ as coordinates on a manifold where inflationary trajectories reside. We distinguish between curvature and isocurvature perturbations and make a connection between the primordial perturbations and the observable power spectra. We briefly discuss the super-horizon evolution of perturbations, which becomes relevant in the presence of isocurvature perturbations in multifield theories. We extend the usual definitions of the slow-roll hierarchy and Hubble slow-roll parameters to frame-covariant forms. Specializing to two-field models, we examine the effect of the entropy transfer by deriving approximate analytical results for the transfer functions and we study the effects that a curved field space might have on the amplification and the transfer of isocurvature modes. Finally, we investigate the effect of boundary conditions for the scalar fields at the end of inflation on the observable inflationary quantities and the stability of inflationary trajectories.
In Section 4, we apply our formalism to two specific models: (i) a simple minimal twofield model with a light scalar field and a small quartic coupling, and (ii) a nonminimal model inspired by Higgs inflation [29] . We parameterize the boundary conditions on the end-of-inflation isochrone curve, and we use the normalization of the observed scalar power spectrum P R to select a valid inflationary trajectory. Noting that the minimal model is not observationally viable, we modify it by including a nonminimal coupling ξ between one of the light scalar fields and the Ricci scalar R. Upon choosing a nominal value for ξ, we find that isocurvature effects are significant in obtaining predictions for inflationary observables that are compatible with cosmological observations. Finally, we outline how F (ϕ, R) theories can be incorporated in our formalism, written in terms of an equivalent multifield inflation model by using the method of Lagrange multipliers.
In Section 5, we present the Vilkovisky-De Witt formalism, which was originally developed in order to solve the apparent non-uniqueness problem of the effective action under field reparameterizations. Under the assumption that gravitational corrections can be neglected, we outline the fundamentals of the Vilkovisky-De Witt formalism and how it can be applied to theories of multifield inflation. In analogy to our conformally covariant extension of inflation at the tree level, we extend the Vilkovisky-De Witt formalism to take into consideration conformal transformations, which we expect to be essential in future computations for fully frame-covariant radiative corrections to inflationary quantities. Finally, Section 6 summarizes our findings and presents possible future directions for further research.
Frame Transformations and Classical Dynamics in Multifield Inflation
In this section, we specify the class of models that we will be studying by defining their classical action and examining their properties under frame transformations. Hence, we introduce the concept of frame covariance in inflation by defining extensions to well-known cosmological quantities, such as the Hubble parameter H, the comoving energy density ρ and pressure P . In this way, we are able to recast the equations of motion pertinent to inflation in a manifestly frame-covariant manner.
The class of models of interest to us may be described by the following multifield scalarcurvature action:
where g µν is the spacetime metric whose determinant is denoted by g ≡ det g µν , f (ϕ) is the nonminimal coupling to the Ricci scalar R, k AB is the multifield wavefunction, and V (ϕ) is the scalar potential. These model parameters are in general functions of ϕ which, without any indices, collectively stands for all the scalar fields ϕ A . In this notation, uppercase indices A, B, . . . run over the different fields. Moreover, we assume that the energy density of the scalar fields dominates the action during inflation, and so the matter sector can be neglected. Finally, our convention for the Minkowski flat limit of g µν is η µν = diag (+1, −1, −1, −1).
The action S given in (2.1) is said to be defined in the Jordan frame, in which the nonminimal coupling f (ϕ) replaces the squared Planck mass M 2 P of minimal models. The coupling f (ϕ) can be modified by a frame transformation, which consists of a conformal transformation
followed by a field reparameterization
In the above, an index with a tilde corresponds to a transformation to a new set of fields, in analogy to a diffeomorphism between two sets of coordinates. For a general conformal transformation, the conformal factor Ω = Ω(x) is a function of spacetime, but we restrict our attention to conformal factors Ω = Ω(ϕ) that depend on x only through the scalar fields ϕ A = ϕ A (x). The field reparameterization (2.3) has an associated Jacobian given by
Thus, the full frame transformation may be written as
The frame transformation (2.5) induces a field reparameterization: ϕ A → ϕ A = ϕ A (ϕ), which differs from (2.3), and has the following associated Jacobian: 6) where Ω ,A ≡ ∂Ω/∂ϕ A and KÃ B (ϕ) has been defined in such a way that it does not contain the prefactor Ω −1 .
It is possible to choose Ω, so that f (ϕ) = M 2 P , where M P is the reduced Planck mass. In this case, it is said that the action S is defined in the Einstein frame. Hence, the frame problem relates to the question of whether different frames describe the same physics. Whilst this problem is resolved at the classical level, it remains an open question beyond the tree level. Our aim is to build upon the classical treatment, which will assist us in examining the uniqueness of quantum loop effects on inflation in different frames in Section 5. For this reason, we make no a priori assumptions about frame invariance, even at the classical level.
We begin by characterizing a quantity X
..Bq to be frame covariant if it obeys the following two transformation properties under a frame transformation (2.5):
where w X is the conformal weight of the quantity X
..Bq , which does not depend on its number of indices. In order to avoid notational clutter, we suppress arguments of ϕ here and in the following. The first property (2.7) corresponds to the conformal transformation of the quantity itself, whereas the second one (2.8) is due to the diffeomorphism encoded via the Jacobian (2.6). The frame transformation (2.5) applied to X A 1 A 2 ...Ap B 1 B 2 ...Bq combines the two transformation properties (2.7) and (2.8) as follows: 9) where d X denotes the scaling dimension of X, given by
We thus see that we may assign to X a scaling dimension of +1 for every contravariant index and −1 for every covariant one, in addition to its weight w X induced by a conformal transformation. For example, with the above convention, the spacetime metric g µν (which carries no field indices) has conformal weight and scaling dimension both equal to −2.
In order to determine whether the action S in (2.1) is frame invariant, it is instructive to study its response under a general frame transformation. In this case, the Ricci scalar R transforms to
Likewise, the model functions transform according to the following rules [15, 30] :
Given (2.9), we can see from (2.12) that the model functions f and V are frame covariant, with scaling dimension 2 and 4, respectively. Instead, k AB is not a frame-covariant quantity. However, these transformation rules may be used to show that the action S is form invariant, i.e.
This equivalence is the starting point for our formalism, since it ensures that any results derived for one frame must apply to any other frame. It also indicates that this frame covariance must be reflected at the level of the equations of motion. Therefore, our goal in the remainder of the section is to derive the equations of motion for a general multiscalarcurvature theory, and show that they can be rewritten in a manifestly frame-covariant form.
In order to derive the equations of motion, we vary the action S with respect to the scalar fields ϕ A and the metric g µν . Varying S with respect to ϕ A yields
Moreover, varying S with respect to the metric g µν gives rise to the Einstein equation 15) where the nonminimal energy-momentum tensor T (NM) µν is modified due to the presence of the nonminimal coupling f . Its analytic form is given by
where
is the standard energy-momentum tensor. Equations (2.14) and (2.15) are the equations of motion that govern the evolution of the scalar fields given a general curved background. These equations are of particular cosmological interest when the scalar fields ϕ are spatially homogeneous, i.e. ϕ A = ϕ A (τ ), and when the metric g µν takes on the well-known FriedmannRobertson-Walker (FRW) form:
Here, a = a(τ ) is the scale factor, N L = N L (τ ) is the lapse function, dΩ is the threedimensional solid angle element, and k is the curvature which is set to zero in the following.
Given the assumptions of homogeneity of the fields and the FRW form for the metric, we may eliminate R from the scalar field equation (2.14) by taking the trace of (2.15), resulting in
where the Hubble parameter H and the lapse rate H L are given by 20) and the overdot denotes differentiation with respect to the coordinate τ . In addition, the Friedmann and acceleration equations may be derived via the temporal and spatial components of (2.15):
These equations of motion appear in the literature in various forms. Specifically, for minimal inflation models, f is set to M 2 P , whereas for single-field inflation the fields ϕ A are replaced by ϕ. Note that the cosmological equations (2.19), (2.21), and (2.22) are not manifestly frame invariant as written above. Setting N L equal to unity is a common procedure in the literature as it makes calculations easier when working in a given frame. For that reason, it is crucial to work with a generic lapse function N L when working in the context of frame transformations if we do not wish for the coordinates to transform, thereby fully encoding the frame transformation in a transformation of the metric g µν .
With the aim to write the equations of motion in a manifestly covariant manner, we define, in terms of the model functions, the basic frame-covariant quantities [31, 32] 
Under (2.9), these quantities transform as
Our next task is to define a derivative that respects the covariant properties of the quantities on which it acts. From (2.9), we expect a proper frame-covariant field derivative to satisfy the following transformation property:
. . . K
Bq Bq
) .
(2.25)
where ∇ A X represents the frame covariant derivative of X with respect to the conformally transformed field in the new basis, ϕ A . Focusing on preserving property (2.7) first, we may construct a conformally-covariant field derivative as follows:
Using this derivative, we may write down a Christoffel-like connection using G AB as a metric analogue [33] ,
This construction ensures that Γ
A BC is conformally invariant, with w Γ = 0. As a consequence, the conformally-covariant derivative can be extended so as to incorporate field reparametrizations, leading to a fully frame-covariant field derivative defined as
It is then straightforward to check that this definition of the frame-covariant derivative satisfies the covariance condition specified in (2.25). Given (2.28), it is possible to define a frame-covariant derivative D λ with respect to any parameter λ as follows:
We now turn our attention to cosmology. With the aid of (2.29), we may extend the definition of the usual Hubble parameter H to the covariant Hubble parameter H by promoting the ordinary time derivative to a covariant derivative: 30) where dt = N L dτ is the physical cosmic time element. Applying (2.29) to a quantity X with no field indices, e.g. X = a, the frame-covariant derivative D λ X takes on the explicit form
In the above, we have eliminated the dependence on f by making use of the fact that
The latter derives from the observation that N 2 L f is a constant by construction in the Einstein frame, and as such, invariant in all frames since it possesses scaling dimension 0. With the help of (2.31) and (2.32), we find that
In particular, we find that for X = f , (2.31) with w f = 2 implies
for any parameter λ. Equation (2.33) leads to the statement of the indistinguishability between frames of a theory, which amounts to saying that no experiment or observation can discriminate between different values of the effective Planck mass squared f , at least at the classical level [13] .
As an example of (2.31), it is illustrative to consider the second covariant time derivative of the fields ϕ A . Setting X A ≡ D t ϕ A in (2.29), where
we may calculate 
Correspondingly, (2.21) and (2.22) become
37) It is easy to verify that (2.36)-(2.38) reduce to their well-known forms for single-field inflation. We observe that (2.36) resembles a geodesic equation with two external forces: (i) a drag term proportional to D t ϕ A and (ii) a conservative external force proportional to U ,A . This analogy to differential geometry will be further explored in Section 3. Most importantly for now, these equations are fully frame-covariant; each term transforms with exactly the same weight and Jacobian, as can be seen in Table 1 . By comparing (2.37) and (2.38) with the usual (minimal) form of the Friedmann and acceleration equations written in terms of the energy density ρ and pressure P , we may also define the covariant comoving energy density and pressure P as
In this section, we have further developed the concept of frame covariance and recast the classical equations of motion which govern the dynamics of inflation into frame-covariant forms as given in (2.36)-(2.38). Our aim in the next section is to examine how these equations may be used in order to determine the evolution of the perturbations which form the seeds for the observable cosmological anisotropies.
Frame Covariance in Multifield Inflation
The generation of anisotropies on the surface of last scattering is fundamentally a quantum phenomenon, as the cosmological perturbations that eventually source the profile of the Cosmic Microwave Background (CMB) are seeded by the correlation functions of the primordial perturbations of the metric and the scalar fields. These perturbations freeze as they cross the cosmological horizon in the single field scenario, thus leaving their imprint on the CMB [34, 35] . In the presence of multiple fields, inflationary trajectories can be described as living on a manifold, which naturally leads to the decomposition of the perturbations into curvature modes parallel to the inflationary trajectory and the perpendicular isocurvature (or entropic) modes. The picture is further complicated by the fact that the isocurvature modes, unlike the curvature modes, are not conserved after they exit the horizon [36] .
In this section, using well-established results from differential geometry, we introduce the concept of a field space first formally identified by [25] , and extend it to be fully covariant following our discussion in Section 2. We discuss the phenomenological impact of the entropy transfer between curvature and isocurvature modes before specializing to two-field inflation. Finally, we analyze the effects of selecting boundary conditions on the observed quantities.
Differential Geometric Approach to Perturbations
We begin by perturbing the metric and the scalar fields around their classical values. We can parametrize the first order perturbations of the metric in the so-called scalar-vectortensor decomposition:
In this decomposition, φ, ψ, A and B are the four scalar perturbations, A i and B i contain the four vector perturbations (with the constraint
, and h ij contains the two tensor perturbations (with the constraint h j j = ∂ i h i j = 0). The Bardeen potentials [37] are denoted by Φ and Ψ. We may thus write in the Newtonian gauge:
where we focus only on scalar and tensor perturbations. The Bardeen potentials Ψ and Φ are equal in the absence of anisotropic stress, which is the case when we are dealing with scalar fields. We may further define the frame-covariant extensions of the gauge-invariant Mukhanov-Sasaki variables [38, 39] as follows:
The difference between the standard decomposition found in the literature [40, 41] and the decomposition (3.1)-(3.3) is the use of frame-covariant derivatives, which ensure that the metric perturbations are also frame-invariant. Note that the frame invariance of Q A stems from the definition of the frame-covariant time derivative, the invariant Bardeen potentials and the covariant Hubble parameter H, with w Q = w Φ = 0 and w δϕ = 0. It is important to note that δϕ A is independent of ϕ A , which explains the difference in their conformal weight. Hence, if we were to decompose a scalar field into its background component ϕ A and its variation δϕ A , we would write ϕ A + M P δϕ A , ensuring dimensional consistency according to Table 1 .
The concept of the field space metric arises naturally when considering the inflationary trajectories satisfying the scalar field equation (2.36), as the fields ϕ A take on the roles of coordinates [25, 42] . The simplest choice for the metric that generates (2.36) in the absence of external forces is G AB , which is defined in (2.23), which also naturally leads to the definition of the field-space connection Γ A BC as given in (2.27). The metric G AB is assumed to have an inverse G AB , and both can be used to raise and lower indices of vectors and covectors living in the manifold. The utility of the field space formalism becomes apparent once isocurvature perturbations enter the picture, since it is preferable to decompose perturbations in their curvature and isocurvature components living in the tangent and cotangent spaces respectively. In order to rewrite Q A in terms of curvature and isocurvature perturbations, we use a set of frame fields e A a by the following property:
Using these frame fields, we may switch from the global field space basis denoted by A, B, . . . to the local basis:
Local basis indices α, β, . . . run over {σ, s 1 , s 2 , . . .}, where σ corresponds to the curvature component, and i ∈ {s 1 , s 2 , . . .}, corresponding to the isocurvature components. This decomposition allows us to write the inflaton equations of motion (2.36) as
We may explicitly write
where we focus on the so-called "first" isocurvature mode Q s 1 , which is defined to be parallel to the component of acceleration perpendicular to the tangent space and
We have defined the frame field e A s 1 associated with the first entropic mode, where the turn rate ω is the field space magnitude of the acceleration vector ω A which effectively measures the rate of change between geodesics in curved space and is given by
We single out the first isocurvature mode because it directly couples to R, whereas the remaining isocurvature modes do not [43] , meaning that all entropy transfer between curvature and isocurvature modes can be traced back to the coupling between Q σ and Q s 1 . We may intuitively understand this by visualizing the trajectory as it turns in field space: since the first isocurvature mode is by definition the only component parallel to the acceleration vector, it is the only mode which can source the curvature mode. It is possible to further define a projection operator perpendicular to both the acceleration vector ω A and the tangent vector e
. This may be used to define the second entropic mode, which will couple only to the first entropic mode as the trajectory turns in the submanifold spanned by (s 2 )
AB . Repeating this procedure, we have a hierarchy of modes, all of which couple to their immediate neighbours: the curvature mode couples to the first isocurvature mode, which couples to the second isocurvature mode, and so forth.
In order to make contact with phenomenology, we now define the observationally relevant quantities of interest to us, which are the comoving curvature perturbation R and the comoving isocurvature perturbations S (i) :
Both R and S (i) are gauge-and frame-invariant. The curvature perturbation R is of particular interest to us, as it remains constant on superhorizon scales and sources the (dimensionless) observable scalar spectrum P R through its two-point function:
We may find an expression for P R in terms of the background by solving and canonically quantizing the perturbed equations of motion [33] :
where the frame covariant mass matrix M AB is given by
and R AM N B is the field-space covariant Riemann tensor defined through the Christoffel-like connection Γ A BC given in (2.27) in the usual way. After imposing the usual commutator relations on the ladder operators and using the flat Bunch-Davies vacuum condition for very early times, we arrive at the following expressions for the two-point function of the (dimensionless) scalar power spectrum at horizon crossing [45, 46] and tensor power spectrum P T :
where we define the frame-invariant Hubble slow-roll parameters¯ H andη H as
The expressions for the power spectra (3.14) are derived under the slow-roll approximation, which we may write in a covariant form as
Any field ϕ A that satisfies this hierarchy contributes to inflation. Fields that happen not to obey (3.16) effectively act as spectator fields, such as those that appear in the curvaton scenario [55] . It is worth noting that this procedure is identical to the usual treatment in the literature, the only difference being the use of frame-covariant derivatives which ensures that the resulting expressions for the dimensionless spectra are frame-invariant.
Frame-Covariant Observable Quantities
It is easy to see that (3.15) reduces to its standard form in the Einstein frame where H → H, f → M 2 P and¯ H → H . However, in the multifield case, isocurvature modes evolve outside the horizon and because they are coupled to the curvature modes, the power spectrum (3.14) evaluated at horizon exit differs from the observable spectrum at horizon re-entry [47] . As noted in Subsection (3.1), we expect the perturbations to form a hierarchy in which every mode couples only to its immediate neighbours. Indeed, the equations of motion for the perturbations in terms of the curvature perturbations R and S (i) in the long wavelength limit, where the coupling between R and D t R vanishes [48] , we find 17) where A(t) and B 1 (t), B 2 (t), . . . , B n−1 (t) are model-dependent parameters. Since they are field space scalars, the above system of equations (3.17) is fully frame-invariant. Solving the system of equations (3.17), we find that for times t > t * , where t * is the time of horizon exit for a pivot scale of cosmological interest with wavenumber k * ≈ 0.002 Mpc −1 , the perturbations evolve according to
, and T ij = T ij (t * , t) denotes the transfer function between the ith and jth isocurvature modes. The formal solutions to the superhorizon equations (3.17) are
. . .
To first order, we may neglect the corrections to the power spectrum that are of the order of the slow-roll parameters [49] and hence write 20) where the effect of the coupling between curvature and isocurvature modes may be absorbed into the transfer angle Θ. We may also define the isocurvature fraction β iso [11, 12] :
where P S (i) is defined through a relation similar to (3.11).
We have studied the generic features of the entropy transfer between curvature and isocurvature modes. We will apply our analysis to a generic two-field scenario in the next section and provide numerical results for concrete models in Section 4. As for now, we may write down concise and fully frame-invariant expressions for a number of relevant inflationary observables. The power spectra P R and P T can be used to define the following standard inflationary observables. These are the scalar spectral index n R , the tensor spectral index n T , and tensor-to-scalar ratio r:
where we evaluate every parameter at the time of horizon exit k = aH in all expressions for the observables. We also define the runnings of the spectral indices as follows:
as well as the non-linearity parameter f N L , which is defined is defined through the three point correlation function for R [50] [51] [52] and is given by [42, 53] : 24) where the number of e-folds N is related to time via dN = −H dt and the frame-covariant derivative D N with respect to the number N of e-folds is defined with the help of (2.29).
Note that in the minimal case where the field space is not curved, the covariant field derivatives in (3.24) would be replaced by ordinary derivatives [54] . The expressions for these observables to first slow-roll order can be written by applying the definitions (3.22) and (3.23) to (3.14):
We have definedξ H as part of a hierarchy of Hubble parameters, whose terms appear when we calculate higher-order runnings of the inflationary observables. In detail, we havē (3.25) are exactly similar to the ones reported in the literature, the only difference being the use of the manifestly frame-invariant slow-roll parameters (which reduce to the standard parameters in the Einstein frame).
Employing the relations (3.26) for the inflationary parameters, we find a relation that holds for all multifield scalar-curvature models of inflation:
This is a consistency relation which can become a significant observational test for both single and multifield inflation, if a large fraction r of tensor perturbations is detected in future. We note that equivalent expressions have been reported in [23] and [49] .
In the slow-roll approximation, the deviation from the geodesic in field space is small. The latter results from setting D t D t ϕ A = 0 in (2.36) to zero, which implies
This equation for ϕ A is known as the inflationary attractor, which essentially defines a class of trajectories that the scalar fields will approach towards regardless of initial conditions. We are now in the position to define the frame-invariant potential slow-roll parameters, whose defining feature is that they reduce to the Hubble slow-roll parameters in the slow-roll approximation as¯ U,n ≈¯ H,n . Using (3.28), we definē
These parameters are part of a potential slow-roll parameter hierarchy, in exact analogy with the Hubble slow-roll parameter hierarchy given in (3.26). More explicitly, we havē
where¯ U,2 ≡η U and¯ U,3 ≡ξ U . Given the definitions of the potential slow-roll parameters in (3.29), we may easily write down concise expressions for the cosmological observables in terms of¯ U ,η U , andξ U :
Likewise, the scalar and tensor power spectra read as follows:
In the same vein, a simple expression for f N L may be obtained by substituting the following expression for N ,A in (3.24):
We have thus defined two hierarchies of manifestly frame-invariant slow-roll parameters which we may use to write down expressions for the cosmological observables.
Isocurvature Effects in Two-Field Models
In this subsection, we will analyze the effects of entropy transfer between the curvature and isocurvature modes by specializing to two-field models. Turning our attention to the entropy transfer between the modes, we find that solving the superhorizon equations of motion is in general very difficult. We may, however, derive approximately analytic results for two-field models. In this case, the isocurvature modes are fully encoded in S ≡ S (1) , and the superhorizon equations of motion simplify to [56, 57] 
where B 1 (t) = B(t). The solution to (3.34) is given by means of the transfer functions (3.19), which for two-field inflation take on the form In two-field inflation, the parameters A and B are found to be [48] A(ϕ) = 2ω , 36) where the magnitude ω of the acceleration vector ω A may be found through (3.9) and the directional slow-roll parametersη AB are defined with the help of the mass matrix given in (3.13),η
We may switch between the global basis and the local basis through the frame fields given in (3.7):η
In arriving at the last equality in (3.38), we made use of the fact that e ,A in the slow-roll approximation. Similarly, the slow-roll approximated expression on the RHS of (3.39) is obtained by first noticing that e A s = ω A /ω, and then that S = 2R sσsσ is the Ricci scalar of the two-dimensional field space. In the slow-roll regime, ω A may be approximated to second order by rewriting the RHS of (3.9) as
In the same slow-roll regime, we may also compute the single and double covariant derivatives of the transfer function T RS with respect to N by simply differentiating their integral forms (3.35) to find
In this way, we can express all inflationary observables entirely in terms of the model functions of the theory.
We may analytically perform the integrals in (3.35) by assuming that the slow-roll parameters are slowly varying after horizon exit in the so-called constant slow-roll approximation, such as in [58] . This is a crude approximation to the full solution, as the slow-roll parameters do evolve beyond the horizon. For most realistic inflation models, the turn rate ω peaks at 20 to 30 e-folds, which is well beyond the horizon exit at N = 60. Therefore, this assumption will generally underestimate the amount of entropy transfer, providing a conservative value for T RS . Hence, under the assumption of constant slow-roll, we may now evaluate the parameters A and B at horizon crossing. From (3.35), we find
Substituting the last expression for T SS in (3.35), we find
We may further improve the constant slow-roll approximation by modelling the evolution of A * as a linearly increasing function from zero to its maximum value A max in the interval: (B * N * − 2) + 2 44) where N max ≈ N * /2 is a good approximation that will be used for most models of interest. In addition, we observe that in the limit A max → A * , the transfer function in (3.44) reduces to one of (3.43). We note that for scales whose horizon crossing N = N * coincides with the end of inflation N = 0, the transfer angle Θ vanishes, as there is no time to generate entropy transfer.
We conclude this subsection by commenting on the amplification and transfer of isocurvature perturbations in models with a curved field space. As seen in (3.35) and (3.36), entropic transfer occurs only if ω = 0. We may relate the turn rate ω to the external forces by rewriting ω A in (3.9) through the inflaton equations of motion (2.36) and (3.6):
We thus observe that a non-zero turn rate occurs if and only if the force generated by the frame-invariant potential U has a non-vanishing component perpendicular to the inflationary trajectory. Such a force can only exist due to the potential, since the drag force −3H(D t ϕ A ) is always in the direction of the tangent vector. Hence, entropic transfer is not affected by a non-zero field-space Riemann curvature, R AσBσ , since neither the conservative force −f U ,A nor the field-space geodesics are directly influenced by R AσBσ .
Unlike the entropic transfer, the amplification of isocurvature modes does depend on the field-space curvature R AσBσ . For two-field models, we observe that, even for a vanishing acceleration vector ω A , the field-space Ricci scalar, S = 2R sσsσ , will also contribute to the generation of isocurvature perturbations throughη ss [cf. (3.39) ]. For a small turn rate ω, the generation of isocurvature modes will generically be amplified when the inflationary trajectory goes over a hilltop for whichη ss < 0, producing a tachyonic instability. Instead, the isocurvature modes will be suppressed when inflating in a valley withη ss > 1. If 0 <η ss < 1, the generation of isocurvature modes will depend on the initial conditions [11, 12] . In general, we observe from (3.39) that in the deep slow-roll regime, where¯ U ,η U 1, the generation of entropic modes will be almost independent of S. As we approach the end of inflation,¯ U approaches unity and the effect of a negative fieldspace curvature S can no longer be neglected, which may give rise to an enhanced entropy production forη ss < 0. Finally, we remark that both the generation of entropy and its transfer are controlled by the frame-covariant parameters G AB and U , and are in no way induced by conformal transformations to any particular frame.
Stability of Boundary Conditions
The last ingredient in our analysis pertains to the boundary conditions of the scalar fields. In this subsection, we discuss the dependence of the observable quantities on the choice of inflationary trajectory in field space, as well as the sensitivity of trajectories to the boundary conditions at the end of inflation. The end of inflation occurs when the comoving horizon (aH) −1 stops decreasing, which, in the Einstein frame, corresponds to the end-ofinflation condition H = 1, where H ≡ −Ḣ/H 2 . Slow-roll inflation carries the additional assumption that H is slowly varying, which means that η H ≡˙ H /(H H ) must also be a small parameter. This is reflected in the slow-roll end-of-inflation condition max( H , |η H |) = 1. These conditions may be easily made frame-invariant by using the invariant Hubble slow-roll parameters as follows:¯
Thus, the number of e-folds is frame-invariant since t 0 is also frame-invariant:
We may express the conditions (3.46) as constraints on the scalar fields through the potential slow-roll parameters by writing them as
In single field inflation, the end-of-inflation conditions imposes a field value ϕ = ϕ 0 at N = 0. Using this value, it is possible to determine N (ϕ) through (3.47), which we may invert and substitute in the first order expressions for the cosmological observables r(ϕ), n R (ϕ) etc, leading to expressions entirely in terms of the number of e-folds N . However, in the presence of n evolving scalar fields, each value of N = N (ϕ) describes an (n − 1)-dimensional isochrone surface in field space, with N = 0 corresponding to the end-of-inflation surface. We expect observable quantities to change as we select end-ofinflation field values on the N = 0 isochrone. This N = 0 isochrone may be parameterized by a set of n − 1 parameters λ I = (λ 1 , . . . , λ n−1 ). Thus, there are many possible inflationary trajectories and we require some criterion in order to select the observationally viable ones. In this respect, an important constraint is the normalization of the theoretical prediction for P R to the observed scalar power spectrum.
Another question that naturally arises is how sensitive a given inflationary model is to the boundary conditions. Slightly changing the boundary conditions on the end-of-inflation isochrone might lead to a large change on the horizon crossing isochrone N = N * , thereby greatly affecting the values of the observable quantities. Therefore, it is useful to introduce a parameter that quantifies the stability of inflationary trajectories. To this end, we first consider the space of possible trajectories, parameterized by the field values at the end of inflation as constrained by (3.48). We first consider an arbitrary isochrone at a given number of e-folds N , parameterized by λ I and described by ϕ A = ϕ A N (λ). The geometry of this isochrone is encoded in the induced metric [Γ IJ ] N , given by
where I, J are indices which correspond to the vectors living on the tangent space of this particular (n − 1)-dimensional surface. All frame-covariant quantities on this surface are generated using the induced metric [Γ IJ ] N , which inherits the conformal weight and scaling dimension of G AB .
We may define the density of trajectories n(N ) for a neighbourhood (λ I , λ I +dλ I ) (which has a corresponding area element dS N on the isochrone) as follows:
Note that this definition of the density of trajectories ensures that the surface integral of n(N ) over any isochrone N is 1. The area element d n−1 S N that corresponds to the neighbourhood (λ I , λ I + dλ I ) under consideration is given by 51) leading to the following expression for the density of trajectories:
We may call a trajectory stable at N = N 2 with respect to its boundary conditions at N = N 1 if the density of trajectories increases as we move from N 1 to N 2 . Similarly, an unstable trajectory is one along which the density of trajectories decreases. Thus, we may define the sensitivity parameter Q(N 1 , N 2 ) for a trajectory at the N = N 2 isochrone to the boundary conditions at the N = N 1 isochrone as follows:
where n(N 1 ) and n(N 2 ) must be evaluated along the trajectory of interest. For our purposes, we are interested in the sensitivity of the field values at horizon crossing N 2 = N * to the boundary conditions at N 1 = 0, since it is the values of the fields at horizon exit that impact the inflationary observables. To this end, we define Q * ≡ Q(N * , 0), observing that Q * < 1 corresponds to stable trajectories with respect to boundary conditions, whereas Q * > 1 corresponds to unstable trajectories. In the next section, we will consider specific two-field models of inflation and examine the stability of inflationary trajectories, as well as the aforementioned normalization criterion for singling out those trajectories that require the least degree of fine-tuning.
Specific Models
In this section, we apply the multifield frame-covariant formalism to two simple multifield models: (i) a two-field minimal model and (ii) a two-field nonminimal model inspired by Higgs inflation. We study the different trajectories admissible in each theory and select a particular trajectory by normalizing to the observable power spectrum P obs R , presenting numerical predictions for the inflationary observables using the analytic results from Section 3. For both models, we take into account the entropy transfer and evaluate its effect on the inflationary observables. We conclude by outlining how our approach may be used to study F (ϕ, R) models by showing that they are equivalent to multifield scalar-curvature theories through the method of Lagrange multipliers.
Minimal Two-Field Inflation
We first examine a simple minimal two-field model, described by the Lagrangian
where m is a mass parameter and λ is the quartic coupling [59] . This model is distinct from hybrid inflation [60] , where one field acts like a "waterfall" field. This is because both fields slowly roll down the inflationary potential and as such, both can act as inflaton fields. Employing the potential slow-roll parameters, we may calculate the general form of the observables in terms of ϕ and χ. Once the values of the fields ϕ * and χ * are known at the time of horizon crossing for scales of interest, the values of all cosmological observables can be computed through (3.31) . In addition, we may specify the end-of-inflation condition by requiring¯ U = 1, which in turn implies 
Solving (4.2) for m
As can be seen in Figure 1 , (4.3) defines the end-of-inflation contour¯ U = 1 in field space corresponding to N = 0, for which ϕ 0 varies from 0 to √ 8M P . As we choose different boundary conditions on this isochrone, the field trajectories change as shown in Figure 2 . We further observe that there exists some critical region for ϕ 0 in which the trajectories are unstable. It is useful to parametrize the horizon crossing curve at N = N * in terms of ϕ 0 :
Then, we may use (3.49) in order to compute the values of the induced metrics [Γ IJ ] N on the two isochrones N = 0 and N = N * and substitute them in (3.53) . In this case, the sensitivity parameter Q * becomes
with ϕ 0max = √ 8M P . In Figure 3 we plot ln Q * as a function of ϕ 0 . We observe that trajectories with ϕ 0 /M P ∈ [0.391, 0.775] are unstable and the sensitivity parameter Q * is maximized around the trajectory for which ϕ 0 = ϕ crit ≡ 0.458 M P . We now single out a particular trajectory by matching the value of P R to the observed scalar power spectrum at the 68% confidence level [10] We may numerically calculate P R for the model at hand for different values of ϕ 0 . We choose λ = 10 −12 and m = 10 −6 M P , and display the predicted power spectra P R at the end of inflation and P R * at horizon crossing as functions of ϕ 0 in Figure 4 . We find that the entropy transfer has a negligible effect on the boundary condition ϕ 0 /M P = 0.495±0.001 compatible with P obs R . The power spectrum normalization P R = P parameters of the theory and further restrict the parameter space. In this model, we have chosen particular values for the parameters, leading to a unique prediction for ϕ 0 . Hence, after numerically solving for ϕ(N ) and χ(N ) with ϕ(0) = ϕ 0 and χ(0) = χ 0 (ϕ 0 ), we may substitute the resulting solutions in the expressions for the observables obtained through (3.31) in order to plot the r, n R , α R , α T , f N L , and β iso as functions of N for different values of ϕ 0 in Figure 5 .
We may summarize the predictions of this model in Table 2 and compare our predictions to the currently observed values. We see from Figure 6 that the turn rate achieves its maximum at around 20 e-folds, but the generation of isocurvature modes is suppressed sinceη ss does not achieve a negative value throughout the inflationary trajectory. Therefore, the entropy generation in this model are negligible, as reflected in the smallness of β iso (see last panel in Figure 5 ). We also note that the values of r and n R lie far outside the PLANCK bounds. For this reason, we extend this model by adding a nonminimal parameter to the Lagrangian in the next subsection. Table 2 : Observable inflationary quantities for the minimal two-field model at N = 60. Note that the running of the tensor spectral index α T is not quoted in [10] , as no tensor modes were measured by PLANCK. It is derived from the consistency relation (3.27) with transfer angle Θ = 0, and serves as a constraint on a possible future measurement of α T , in the slow-roll approximation. The parameter β iso is constrained by assuming different non-decaying isocurvature modes: (i) the cold dark matter density isocurvature mode (CDI), (ii) the neutrino density mode (NDI), and (iii) the neutrino velocity mode (NVI).
Nonminimal Two-Field Inflation
A possible extension to the model described in the previous subsection is to introduce a coupling between one of the fields and the scalar curvature R as inspired by Higgs inflation [29] . The Lagrangian of this model is given by
where we assume that the VEV v is negligible in the inflationary regime ϕ ∼ M P . Unlike in the minimal scenario discussed in Subsection 4.1, we deviate from m 2 /(λM 2 P ) = 1 by choosing m = 5.6 × 10 −6 M P and λ = 10 −12 , as well as ξ = 0.01 for the nonminimal parameter. This model features a curved field space, as we can see by calculating the field space Ricci scalar: Assuming ξ > 0, we observe that the curvature is positive, S ≈ 2ξ in the regime where ϕ is small, given by ϕ/M P 1/ √ ξ. Conversely, in the regime where ϕ is large, the curvature becomes negative, S ≈ −2ξ/(1 + 6ξ). For ξ of order 10 3 , such as in [12] , the trajectory is in the region of the field space with negative curvature for most of inflation, which contributes greatly towards the generation of isocurvature perturbations. In our case with ξ = 0.01, the curvature is positive but small, which means that isocurvature perturbations will not necessarily be generated towards the end of inflation.
Proceeding as in the minimal model, we show the end-of-inflation contour in Figure 7 . In Figure 8 we display the field space trajectories and in Figure 9 the sensitivity parameter Q * for all possible trajectories on the boundary conditions. Specifically, the parameter Q * may be cast into the form
where G * AB and G 0 AB correspond to the values of the field space metric on the two different isochrone curves N = N * and N = 0, respectively, and ϕ 0max /M P ≈ 2.742. We observe that Q * is small for most values of the boundary conditions. This agrees well with the left panel of Figure 8 , where trajectories with different boundary conditions converge. The critical value is given by ϕ crit /M P = 2.694, close to the end of the N = 0 isochrone.
In Figure 10 , we give predictions for the values of the power spectrum P R . From the left panel in Figure 8 , we see that an increasing boundary value ϕ 0 up to ϕ 0 /M P ≈ 2.73 corresponds to a progressively sharper turn in field space. The effects of entropy transfer have been studied in more detail in Figure 10 . Specifically, solid lines correspond to the full computation of P R , where the effect of entropy transfer is included. Instead, the dotted lines give the predictions for P R * , in which entropy transfer effects have been ignored. Observationally viable values for the boundary condition belong to the interval ϕ 0 /M P ∈ (1.048, 1.634), as well as to ϕ 0 /M P = 2.72. For the interval (1.048, 1.634), the field value ϕ 0 /M P = 1.391 corresponds to the mean value P obs R = 6.41 × 10 −9 . We observe that the predicted value for P R is more sensitive to the value of ϕ 0 than in the minimal model. In Figure 11 , we show the dependence of the observables r, n R , α R , α T , f N L , and β iso on the number of e-folds N . Taking N = 60 to be the point of horizon exit for the largest cosmological scales, we summarize our results in Table 3 for the nonminimal two-field model. We focus on the interval ϕ 0 /M P ∈ (1.048, 1.634), as the trajectory for ϕ 0 /M P = 2.72 generates predictions similar to λϕ 4 inflation, which is not observationally viable. We note that this model agrees well with current observations within their uncertainties at the 2σ level displayed in Table ( 3), except for β iso , which could be close to 1 (see the last panel in Figure  11 ). However, the observables for our model were calculated at the end of inflation, not at the present epoch. As such, we have not taken into account reheating effects, which may cause the isocurvature perturbations to decay [61] . This would cause the empirically-determined value of β iso to be much higher at the end of inflation, thus bringing our predictions within observational bounds.
Notice that even the addition of a small nonminimal parameter ξ modifies the cosmological observables by a significant amount and amplifies the effects of the entropy transfer on P R . The turn rate ω in this model does not vary considerably from the minimal case, as calculated from (3.40) . To lowest order in ξϕ 2 /M 2 P , the turn rate ω is given by
(4.10) [10] are the same as in Table 2 . We see from Figure 12 that ω is of order 10 −3 throughout inflation, i.e. one order of magnitude smaller than the one found in the minimal model. However, the amplification of isocurvature modes in this model is much larger than in the minimal model. According to our discussion in Subsection 3.3, this is because the parameterη ss is negative for most of the two inflationary trajectories, as seen in Figure 12 . The effect of the positive field-space Ricci scalar S on this model is negligible, since S ≈ 2ξ = 0.02 is relatively small and also multiplied by¯ H 1 in (3.39), giving rise to a suppressed contribution toη ss . Towards the end of inflation only, we have¯ H ∼ 1 and a positive S could suppress entropy production. But, the final stage of the inflationary era is too brief to affect the growth of isocurvature perturbations. This is in contrast to other models with non-minimal couplings in which entropy perturbations are amplified towards the end of inflation [11] . Thus, in our nonminimal model, the amplification of entropy is mainly driven by a concave potential U in the isocurvature direction, whereas the turn rate ω, albeit small, is sufficiently large to cause sizeable entropy transfer.
F (ϕ, R) Models
Our approach can be straightforwardly extended to apply to a more general class of models, such as F (ϕ, R) theories. Let us consider an F (ϕ, R) theory given by the action
We assume that the function F (ϕ, R) must reduce to M 2 P R at the vacuum expectation value ϕ V EV induced by V (ϕ) such that the Einstein gravity limit is reached. Our goal is to write the action (4.11) in terms of a multifield theory such that our formalism may be applied. The standard way to achieve this is to introduce a non-dynamical auxiliary degree of freedom Φ as a Lagrange multiplier and rewrite the action in (4.11) as
(4.12)
Varying S in (4.12) with respect to the auxiliary field Φ, we find Φ = R, implying that this action is equivalent to (4.11). Treating Φ as an independent scalar field, we may express the action as
from which we may read off the new model functions in terms of ϕ M = (ϕ A , Φ): 14) where the indices M and N run over 1 to n as well as 0, which corresponds to the scalar curvature Φ = R. These new model functions have the same transformation properties as the ones in (2.12) and may be used to calculate the potential slow-roll parameters for the theory, leading to analytic predictions in terms of Φ and ϕ. We note that even in the presence of a single scalar degree of freedom ϕ, isocurvature modes may still be generated as the perturbations δΦ and δϕ are independent. For F (ϕ, R) models with only one scalar degree of freedom, it is possible to write down the only independent component of the Riemann curvature tensor. For instance, for large values of ϕ, we assume that F (ϕ, R) may be expanded as
For this generic class of F (ϕ, R) theories, the field-space Ricci scalar S is found to be
If the coefficient a 2 (R) in the expansion (4.15) of F (ϕ, R) is positive, then the field-space Ricci scalar S is negative, giving rise to a negative contribution toη ss [cf. (3.39)]. As a consequence, if the frame-invariant potential U happens to be concave, a positive a 2 (R) will create further amplification of entropy perturbations, which in turn can affect the adiabatic perturbations and so produce relevant effects on the observable CMB power spectrum.
The Vilkovisky-De Witt Formalism for Conformal Transformations
We have developed a covariant formalism applicable to multifield theories of inflation in the Born approximation. However, the question of whether frame covariance, which has led to frame-invariant classical predictions, may be extended beyond the tree level remains open. In most models of monomial inflation, the radiative corrections generated from the quantum fluctuations of the scalar fields to the matter sector are argued to be suppressed. However, as we are entering an era of precision cosmology, it is desirable to calculate their phenomenological impact. In this respect, it is natural to extend the concept of frame covariance to incorporate radiative corrections. In this section, we outline the Vilkovisky-De Witt formalism [26] [27] [28] and extend it such that it takes into account conformal transformations, thereby leading to an extension of frame covariance beyond the tree-level.
To simplify our analysis, we assume that the scalar fields do not couple to other matter fields and that the radiative corrections due to the quantum fluctuations of the metric g µν are negligible compared to the radiative corrections due to the scalar fields. Our starting point is the effective action
. In order to derive an expression for the effective action, we first write down the partition functional Z[J] corresponding to the classical action S[ϕ],
In (5.1), J a are the external sources, φ a denote the quantum fields, whereas ϕ a is reserved to denote below the mean fields. In addition, [Dφ] stands for integration over all possible paths and M[φ] is the associated functional measure of integration which may be determined by the Hamiltonian approach to quantizing the theory. In (5.1) and the following, we use the Einstein-De Witt notation, in which φ a ≡ φ A (x A ) (and similarly for ϕ a ) and repeated indices are both summed and integrated over, e.g.
We then consider the generating functional of all connected diagrams W [J], which is defined with the help of Z[J] as follows:
The corresponding mean field ϕ a in the presence of external sources J a is obtained via a functional derivative
Finally, the effective action in terms of the mean fields ϕ may be written as a Legendre transform of
Note that the source field J a (ϕ) is given by 
It is obvious that this equation is not covariant due to the presence of the non-covariant term ϕ a −φ a , simply because ϕ a does not behave as a frame-covariant tensor. To remedy this problem, De Witt imposed the requirement that the action should reduce to its traditional form when expressed in the functional equivalent of normal coordinates. This constraint motivates the replacement of ϕ a − φ a by some two-point covariant function Σ a (ϕ, φ) [27, 28] to be determined below. In this framework, the quantum fields φ a (x) take on the role of coordinates parameterizing the configuration space. Although De Witt's original formulation did not consider conformal transformations, it would be preferable to extend his idea to include them. To do so, we define frame-covariant quantities in configuration space through a straightforward extension of the transformation property (2.9), 8) where the scaling dimension d X and the conformal weight w X are related through the expression d X = w X + p − q, which remains unchanged from (2.10). The configuration space Jacobian Kã b is given by
We have thus extended the notion of frame covariance to configuration space. We note that the configuration space inherits all frame-covariant properties of the field space of the classical theory. Therefore, our approach follows along the lines of the covariantization procedure discussed in Section 2.
Given that the configuration space is a manifold, we may now define the associated metric G ab induced by the field space metric G AB stated in (2.23) as 
where the conformally-covariant configuration space connection Γ a bc is given by
We are now in the position to write a fully frame-covariant form for the effective action. By replacing all quantities with their frame-covariant counterparts, the form of the effective action given in (5.7) becomes
where σ a denotes the tangent tensor to the geodesic connecting ϕ a to φ a and all covariant derivatives are with respect to the mean fields ϕ a . This covariant quantity is defined through In this section we have outlined a fully frame-covariant formalism that can be used to compute radiative corrections to the observables due to the quantization of the scalar fields. We may compute the corrected model parameters to higher orders in by iteratively solving (5.15) . At the one-loop order, we may explicitly calculate the frame-invariant correction Γ 1 [ϕ] to the classical action Γ 0 [ϕ] = S[ϕ] through (5.24). Application of the approach developed here to specific models of inflation will be given in a forthcoming paper [64] .
Conclusions
We are entering a new era of precision cosmology, and so the development of theoretical methods for computing observable inflationary quantities with increasingly higher accuracy is of utmost importance. In particular, radiative corrections which might be subleading in several models of inflation may become observationally significant not too far in the future. Hence, any formalism that aspires to remain relevant should describe quantum loop effects in a frame-covariant manner. This is a particularly pressing problem, as frame covariance of the effective potential beyond the Born approximation is still an open issue. With this motivation, we have developed in this paper a fully frame-covariant formalism of inflation for multifield scalar-curvature theories at the classical level, which may be extended to include radiative corrections.
Making use of notions known from differential geometry, we have adopted an approach in which the scalar fields take on the role of generalized coordinates of a manifold, and the equations of motion describe a trajectory within the field space. By perturbatively expanding and quantizing the resulting frame-covariant equations of motion, we showed how manifestly frame-invariant expressions for inflationary observables may be obtained. These include the tensor-to-scalar ratio r, the spectral indices n R and n T , their runnings α R and α T , the non-Gaussianity parameter f N L , and the isocurvature faction β iso . We have further examined the effects of the field space curvature on the generation and transfer of isocurvature modes in a frame-covariant way.
We have seen in Section 3 that the presence of multiple fields gives rise to more degrees of freedom in selecting an inflationary trajectory. Hence, we have introduced in Section 3.4 a criterion to discriminate fine-tuned trajectories from stable ones that would require less finetuning of the boundary conditions. To this end, we have defined the sensitivity parameter Q in (3.53) . In order to illustrate our approach, we have considered in Section 4 a simple minimal two-field model, as well as a more realistic nonminimal extension inspired by Higgs inflation. We have observed that after selecting nominal values for the model parameters, the normalization of the power spectrum of scalar perturbations can be used in order to select an appropriate boundary condition for the fields at the end of inflation. We also find that, for certain values of the mass and coupling parameters, the calculation of the entropy transfer becomes crucial in selecting the appropriate trajectory. Furthermore, we have briefly discussed how F (ϕ, R) theories may be incorporated into our formalism by recasting them in terms of a multifield theory through the method of Lagrange multipliers.
Finally, in Section 5, we have outlined how the Vilkovisky-De Witt formalism may be applied to multifield inflation. We have extended the notion of classical frame covariance to the configuration field space in the path integral formulation under the assumption that quantum gravity effects can be ignored. By replacing the functional derivatives with their covariant counterparts, the so-defined effective action is unique and becomes invariant under frame transformations, which includes both conformal transformations and inflaton reparametrizations. This ensures that scalar-curvature theories related by frame transformations are phenomenologically equivalent. We aim to present a detailed application of the Vilkovisky-De Witt formalism that takes into account radiative corrections including quantum gravity effects for certain multifield models in a future publication.
